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ON THE MAXIMUM ORDER OF NILPOTENT TRANSITIVE
PERMUTATION GROUPS
ELEONORA CRESTANI AND PABLO SPIGA
Abstract. Given two positive integers n and c, we determine an upper bound,
as a function of n and c, for the maximum order of a finite nilpotent transitive
group of degree n and nilpotency class at most c.
1. Introduction
It is well-known and easy to show that every transitive abelian group of degree n
acts regularly, and hence has order equal to n. This behaviour is peculiar to abelian
groups, but one might wonder, if minded so, whether there is any relationship
among the order |G|, the degree n and the nilpotency class c of a nilpotent transitive
permutation group G. Broadly speaking, in this paper we uncover this relationship.
Clearly, when G is non-abelian, |G| is not uniquely determined by n and c: for
instance, the symmetric group Sym(16) contains nilpotent transitive groups of class
3 and order 2ℓ, with ℓ ranging from 4 to 10, see [2]. Therefore, it is natural to look
for lower and upper bounds for |G|, as functions of n and c. Actually, in this
paper, we are only concerned with upper bounds for |G| (as functions of n and
c). We have two reasons to make this choice. First, our motivation for this work
is spurred by the proofs of [7, Theorem 2] and [9, Theorem 1.3]. In these papers
the authors are interested in bounding the order of the vertex-stabilisers of certain
finite vertex-transitive graphs, and at a critical juncture they need to estimate the
maximum order of a transitive p-group of degree n and nilpotency class at most 3.
In both papers this problem was by-passed using the rigid structure of the Sylow
subgroups of the vertex-stabilisers under consideration, however this resulted in
very technical arguments and (in our opinion) in an artificial detour. In particular,
our work (specifically Theorem 1.5 below) can be used to simplify the proofs of [7,
Theorem 2] and [9, Theorem 1.3]. Second, the function determining the minimum
order of a nilpotent transitive group of degree n and nilpotency class c seems to
be rather irregular and dramatically influenced by the prime factorisation of n.
Moreover, when n = pk for some prime number p and some k ≥ 1, Remark 2.5
suggests that a lower bound for |G| becomes an interesting and meaningful problem
only when c is large compared to k.
Definition 1.1. Let n and c be positive integers. We define
FNil(n, c) := max{|G| | G nilpotent transitive permutation group
of degree n and nilpotency class at most c}.
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Clearly, FNil(n, 1) = n.
Our choice of allowing nilpotent transitive permutation groups of nilpotency
class at most c (rather than equal to c) in Definition 1.1 is aesthetic: it makes the
statements of our main results clearer and, in our view, more natural.
Our first result reduces the problem of computing FNil(n, c) to the analogous
problem on prime power degrees.
Theorem 1.2. Let n and c be positive integers and let n = pα11 · · · p
αℓ
ℓ be the prime
factorisation of n, with p1, . . . , pℓ distinct prime numbers and α1, . . . , αℓ ≥ 1. Then
FNil(n, c) =
ℓ∏
i=1
FNil(p
αi
i , c).
In view of Theorem 1.2, we need only to consider the case when n is a prime
power. Our second result gives an explicit formula for FNil(p
k, 2) and a description
of the nilpotent transitive groups G of degree pk, nilpotency class at most 2 and
order FNil(p
k, 2).
Theorem 1.3. Let p be a prime number and let k ≥ 1. We have
logp(FNil(p
k, 2)) = k +
⌊
k
2
⌋⌈
k
2
⌉
.
Moreover, if G is a nilpotent transitive group of degree pk, nilpotency class at most
2 and order FNil(p
k, 2), then G is permutation isomorphic to one of the groups in
Example 3.2.
In this opening section we do not introduce the groups in Example 3.2 because
a precise definition would take us too far astray. We refer also to Example 3.1 and
Remarks 3.3 and 3.4 for more information on the groups in Example 3.2.
Definition 1.4. Let k and c be positive integers. We let
F (k, c) := max


c∑
i=1
ai


(∑i−1
j=1 aj
)i
− 1(∑i−1
j=1 aj
)
− 1

 | a1, . . . , ac ∈ N, k =
c∑
j=1
aj

 ,
With the help of MAGMA, we have tabulated F (k, c) in Table 1, for c ≤ 4.
In Proposition 4.1, we show that, when c is fixed,
F (k, c) =
(c− 1)c−1kc
cc
+ o(kc−1).
Hence, for c fixed, F (k, c) can be thought of as a polynomial in Q[k] of degree c
and having leading coefficient
(c− 1)c−1
cc
=
1
c− 1
(
1−
1
c
)c
.
In particular, the leading coefficient of (c−1)F (k, c) is asymptotic to the ubiquitous
1/e.
Theorem 1.5. Let p be a prime number, let k ≥ 1 and let F (k, c) be as in Defini-
tion 1.4. Then logp(FNil(p
k, c)) ≤ F (k, c).
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In Proposition 4.2, we prove that the upper bound in Theorem 1.5 is (for
c small compared to k) not far from best possible. Specifically, we show that
logp(FNil(p
k, c)) is bounded from below by a polynomial in k of degree c.
We conclude this introductory section referring to the beautiful article [6]. Here,
Pa´lfy surveys the known estimates of the form “|G| ≤ f(n)” for (not necessarily
transitive) permutation groups G of degree n, where the function f depends on
whether the group G is abelian, nilpotent or soluble. See [6, Table 1] for a compre-
hensive table of classical results, mostly taken from [3]. The investigation of Pa´lfy
differs from ours in at least two important facts. First, we are only concerned with
transitive groups. Second (and more importantly), our estimates are functions of
both the degree and the nilpotency class. For instance, from [6, Table 1] we infer
that a transitive nilpotent group G of degree n has order at most 2n−1, which is
exponential in n. Theorem 1.5 reveals that, once the nilpotency class of G is fixed,
|G| is poly-logarithmic in n.
c k F (k, c)
1 any k
2 any ⌊k2 ⌋⌈
k
2 ⌉+ k
3 k ≡ 0 mod 3 427k
3 + 13k
2 + k
3 k ≡ 1 mod 3 427k
3 + 13k
2 + 89k −
10
27
3 k ≡ 2 mod 3 427k
3 + 13k
2 + 89k −
8
27
4 2 5
4 6 188
4 k ≡ 0 mod 4 27256k
4 + 1364k
3 + 38k
2 + k
4 k ≡ 1 mod 4 27256k
4 + 1364k
3 + 41128k
2 + 5364k −
117
256
4 k ≡ 2 mod 4, k > 6 27256k
4 + 1364k
3 + 18k
2 + 716k −
11
16
4 k ≡ 3 mod 4 27256k
4 + 1364k
3 + 37128k
2 + 5764k −
77
256
Table 1. F (k, c), for c ≤ 4
1.1. Notation. Our notation is standard. Given a finite nilpotent group G, we
denote by γi(G) the i
th-term of the lower central series of G, and by abuse of
notation, we write γ1(G) = G. As usual Z(G) denotes the centre of G and Zi(G)
denotes the ith-term of the upper central series of G. Given two subsets X and Y
of G, the commutator subgroup of X and Y is denoted by [X,Y ] := 〈[x, y] | x ∈
X, y ∈ Y 〉, and the centraliser of X in G by CG(X).
If G is a permutation group on Ω and ω ∈ Ω, then we denote by Gω the stabiliser
in G of the point ω.
1.2. Structure of the paper. In Section 2 we prove Theorem 1.2 (which is an
easy observation). We prove Theorem 1.3 in Section 3 and Theorem 1.5 in Section 4.
1.3. Acknowledgements. The ideas that gave rise to this work owe very much
to some conversations that the second author had with Gabriel Verret during his
visit at the University of Western Australia in 2014. He thanks UWA for the warm
hospitality, Gab for the constant encouragement and Gordon Royle for sharing his
wisdom on caramelised onion on lamb chops.
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2. Preliminaries
Let H and K be transitive groups on ∆ and Λ, respectively. The direct product
H ×K acts transitively on the set ∆× Λ by setting (δ, λ)(h,k) = (δh, λk), for each
(δ, λ) ∈ ∆× Λ and each (h, k) ∈ H ×K. We refer to this faithful action of H ×K
as the natural product action.
Let n be a positive integer and let n = pα11 · · · p
αℓ
ℓ be the prime factorisation of n,
with p1, . . . , pℓ prime numbers and α1, . . . , αℓ ≥ 1. Let G be a nilpotent transitive
group on the set Ω of cardinality n and let ω ∈ Ω. Let R be a Sylow r-subgroup of
G with r ∤ n. As |G : Gω| = n is coprime to r, by Sylow’s theorems R is conjugate
to a subgroup of Gω. Since G is nilpotent, we have R✂G and, since Gω is core-free
in G, we have R = 1. This shows that G = P1× · · · ×Pℓ, where Pi is the Sylow pi-
subgroup of G for each i ∈ {1, . . . , ℓ}. Write Gω = Q1×· · ·×Qℓ, where Qi := (Pi)ω
is the Sylow pi-subgroup of Gω. We let Ωi denote the Pi-orbit containing ω, that
is, Ωi := ω
Pi = {ωg | g ∈ Pi}.
Proposition 2.1. Assume the notation we have established above. The action of G
on Ω is permutation isomorphic to the natural product action of G = P1 × · · · × Pℓ
on Ω1 × · · · × Ωℓ.
Proof. Observe that |Ωi| = |Pi : (Pi)ω | = |Pi : Qi| = p
αi
i and hence |Ω| =
∏ℓ
i=1 |Ωi|.
Since P1, . . . , Pℓ are pair-wise commuting subgroups of G, the mapping
ι : Ω1 × · · · × Ωℓ → Ω
defined by (ωg1 , . . . , ωgℓ) 7→ ωg1···gℓ (with gi ∈ Pi, for each i) is well-defined and in-
jective. Thus ι is bijective. Now, ι determines a permutation isomorphism between
the natural product action of G on Ω1 × · · · × Ωℓ and the action of G on Ω. 
Proof of Theorem 1.2. For each i ∈ {1, . . . , ℓ}, let Pi be a nilpotent transitive group
of degree pαii and nilpotency class at most c with |Pi| = FNil(p
αi
i , c). Then G :=
P1 × · · · × Pℓ, endowed with its natural product action, is transitive of degree∏ℓ
i=1 p
αi
i = n, has nilpotency class at most c, and |G| =
∏ℓ
i=1 FNil(p
αi
i , c). Thus∏ℓ
i=1 FNil(p
αi
i , c) ≤ FNil(n, c).
Conversely, let G be a nilpotent transitive group of degree n and nilpotency class
at most c with |G| = FNil(n, c). By Proposition 2.1, G = P1 × · · · × Pℓ, Pi is the
Sylow pi-subgroup of G, and Pi has a faithful transitive action of degree p
αi
i . Thus
FNil(n, c) = |G| =
∏ℓ
i=1 |Pi| ≤
∏ℓ
i=1 FNil(p
αi
i , c). 
The following two facts hardly deserve to be called lemmas, but will be used
several times.
Lemma 2.2. Let K be a transitive permutation group on Ω. If K centralises
g ∈ Sym(Ω) and g fixes some point of Ω, then g = 1.
Proof. Let ω be an element of Ω fixed by g. For every k ∈ K, we have (ωk)g =
ωkg = ωgk = ωk and hence g fixes ωk. Since K is transitive, g fixes every element
of Ω and hence g = 1. 
Lemma 2.3. Let k and ℓ be positive integers, let K be a group and let H1, . . . , Hℓ
be subgroups of K with |K : Hi| = k, for each i. Then |K : ∩
ℓ
i=1Hi| ≤ k
ℓ.
Proof. Note that if A and B are subgroups of K, then |K : A∩B| ≤ |K : A||K : B|.
Now, the proof follows by induction on ℓ. 
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Now we prove an elementary upper bound for FNil(p
k, c). This upper bound is
weaker then the upper bound in Theorem 1.5. However, its proof is elementary
and contains the main ingredients (but not the technicalities) of the proof of Theo-
rem 1.5. In particular, we hope this makes the flow of the argument in Theorem 1.5
easier to follow.
Proposition 2.4. Let k and c be positive integers and let p be a prime number.
Then logp(FNil(p
k, c)) ≤ k(kc − 1)/(k − 1).
Proof. Let G be a nilpotent transitive permutation group of degree pk and nilpo-
tency class at most c, let Ω be the set acted upon by G, let ω ∈ Ω and let H be
the point stabiliser Gω. Observe that γc(G) ≤ Z(G) and hence γc(G) ∩H = 1 by
Lemma 2.2. We show that logp(|G|) ≤ k(k
c − 1)/(k − 1), from which the proof
follows from the definition of FNil(p
k, c).
Set g0 := 1 and K0 := 〈g0〉. For i > 0, we define recursively gi and Ki. If Ki−1H
is a proper subset of G, then choose gi ∈ G \ Ki−1H and set Ki := 〈Ki−1, gi〉.
If G = Ki−1H , then choose gi := 1 and Ki := 〈Ki−1, gi〉 = Ki−1. Let ℓ be the
minimum positive integer with Kℓ = Kℓ+1. By construction, G = KℓH and hence
Kℓ is transitive on Ω. Moreover, since |G : H | = |Ω| = p
k and |KiH | < |Ki+1H |
for each i ∈ {0, . . . , ℓ− 1}, we have ℓ ≤ k.
For κ ∈ {1, . . . , c− 1}, define
Lκ :=
ℓ⋂
i1,...,ic−κ=0
(γκ(G) ∩H)
gi1 ···gic−κ .
By taking i1 = · · · = ic−κ = 0 we see that γκ(G) ∩ H is one of the terms of this
intersection, and hence Lκ ≤ γκ(G) ∩H .
We claim that Lκ = 1. We argue inductively on c−κ. If c−κ = 1, then κ = c−1
and Lc−1 = ∩
ℓ
i=0(γc−1(G)∩H)
gi . Let y be in Lc−1. As y ∈ (γc−1(G)∩H)
gi , there
exists hi ∈ γc−1(G) ∩ H with y = h
gi
i . Since hi and y are both in H , we have
h−1i y = [hi, gi] ∈ γc(G) ∩ H = 1, and hence hi = y. It follows that y = h
gi
i = y
gi
and hence y is centralised by gi. Therefore y is centralised by 〈g0, . . . , gℓ〉 = Kℓ.
Since Kℓ is transitive, by Lemma 2.2, we obtain y = 1, and the base case of the
induction is proved.
Now suppose that c − κ > 1. Let y be in Lκ. Fix i1, . . . , ic−κ ∈ {0, . . . , ℓ}. As
y ∈ (γκ(G) ∩H)
gi1 ···gic−κ , there exists hi1,...,ic−κ ∈ γκ(G) ∩H with
y = (hi1,...,ic−κ)
gi1 ···gic−κ .
Thus (hi1,...,ic−κ)
−1y = [hi1,...,ic−κ , gi1 · · · gic−κ ]. As both y and hi1,...,ic−κ are in H ,
we may write hi1,...,ic−κ = yzi1,...,ic−κ , where zi1,...,ic−κ = [hi1,...,ic−κ , gi1 · · · gic−κ ]
−1 ∈
γκ+1(G) ∩H . We obtain
(1) y = (yzi1,...,ic−κ)
gi1 ···gic−κ .
Applying Eq. (1) with ic−κ = 0 and recalling that g0 = 1, we have
(2) y
gi1 ···gic−(κ+1) = y((zi1,...,ic−(κ+1),0 )
−1)
gi1 ···gic−(κ+1) .
Eq. (1) (applied twice, first to the (c−κ)-tuple 0, . . . , 0, ic−κ and then to the (c−κ)-
tuple i1, . . . , ic−κ) gives
(yz0,...,0,ic−κ)
gic−κ = y = (yzi1,...,ic−κ)
gi1 ···gic−κ
=
(
(yzi1,...,ic−κ)
gi1 ···gic−(κ+1)
)gic−κ
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and hence
yz0,...,0,ic−κ = (yzi1,...,ic−κ)
gi1 ···gic−(κ+1) = y
gi1 ···gic−(κ+1) (zi1,...,ic−κ)
gi1 ···gic−(κ+1) .
From this and Eq. (2), we obtain
(3) z0,...,0,ic−κ = ((zi1,...,ic−(κ+1),0 )
−1zi1,...,ic−κ)
gi1 ···gic−(κ+1) .
In particular, z0,...,0,ic−κ ∈ (γκ+1(G) ∩ H)
gi1gi2 ···gic−(κ+1) . As i1, . . . , ic−κ is an
arbitrary (c− κ)-tuple of elements of {0, . . . , ℓ}, Eq. (3) gives
z0,...,0,ic−κ ∈
ℓ⋂
i1,...,ic−(κ+1)=0
(γκ+1(G) ∩H)
gi1gi2 ···gic−(κ+1) = Lκ+1 = 1,
where in the last equality we used the inductive hypothesis. Thus z0,...,0,ic−κ = 1.
Applying Eq. (1) with i1 = · · · = ic−(κ+1) = 0, we deduce y = y
gic−κ . Therefore
y is centralised by 〈g0, . . . , gℓ〉 = Kℓ. Now Lemma 2.2 yields y = 1. As y is an
arbitrary element of Lκ, we get Lκ = 1, and this concludes the proof of our claim.
For κ = 1, we have
(4) L1 =
ℓ⋂
i1,...,ic−1=0
Hgi1 ···gic−1 = 1.
Observe that in the intersection in (4) there are exactly 1 + ℓ+ · · ·+ ℓc−1 = (ℓc −
1)/(ℓ−1) terms: 1 accounts for the term of the intersection with i1 = · · · = iκ = 0, ℓ
accounts for the terms of the intersection with exactly one ij 6= 0, etc. In particular,
L1 is the intersection of (ℓ
c−1)/(ℓ−1) subgroups of G having index pk. Therefore,
by Lemma 2.3,
|G| = |G : L1| ≤
(
pk
)(ℓc−1)/(ℓ−1)
.
As ℓ ≤ k, the proposition is proved. 
When c = 1, Proposition 2.4 gives FNil(p
k, 1) ≤ pk, and hence this upper bound
equals FNil(p
k, 1). However, for larger values of c, the upper bound in Propo-
sition 2.4 is far from optimal. For instance, when c = 2, Proposition 2.4 gives
FNil(p
k, 2) ≤ pk+k
2
, but in fact Theorem 1.3 shows that FNil(p
k, 2) = pk+⌊k/2⌋⌈k/2⌉ .
We conclude this preliminary section making an observation on the minimal
order fNil(p
k, c) of a nilpotent transitive group of degree pk and nilpotency class c.
Remark 2.5. Suppose that c ≤ k−1. Let P be a group of order pc+1 and maximal
class, that is, P has nilpotency class c. Let Q be an abelian group of order pk−c−1
and set G := P × Q. Then G has nilpotency class c and, via its right regular
representation, is transitive of degree pk. Therefore fNil(p
k, c) = pk. This suggests
that the function fNil(p
k, c) becomes interesting only when c is large compared to
k.
We make another example along these lines. This example is inspired by [4,
Section 3, Exercise 3.4] (see also [1, Proposition 9.15]). Suppose that c ≤ (k −
1)(p− 1) and write c = q(p− 1) + r with 0 ≤ r < p− 1. Observe that q < k − 1 if
r > 0, and q ≤ k − 1 if r = 0. From [4, Exercise 3.4], there exists a p-group P of
maximal class c with P =M ⋊ 〈x〉 such that
(i) x has order p,
(ii) M = 〈x1〉 × 〈x2〉 × · · · × 〈xp−1〉 is abelian,
(iii) |x1| = · · · = |xr | = p
q+1 and |xr+1| = · · · = |xp−1| = p
q,
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(iv) Z(P ) = 〈xp
q
r 〉 if r > 0, and Z(P ) = 〈x
pq−1
p−1 〉 if r = 0.
Set H := 〈x1, . . . , xr−1, xr+1, . . . , xp−1〉 if r > 0, and H := 〈x1, . . . , xp−2〉 if
r = 0. Now, H ∩ Z(P ) = 1 and hence H is core-free in P . Let ∆ be the set of
right cosets of H in P . Clearly, |∆| = |P : H | = pq+2 if r > 0, and |∆| = pq+1
if r = 0. Let Q be an abelian group of order pk−q−2 if r > 0, and order pk−q−1
if r = 0. Set G := P × Q and Ω := ∆ × Q. Then G has nilpotency class c and,
via its natural product action, is transitive and faithful on Ω of degree pk. Now,
|G| = pk+q(p−2)+r−1 if r > 0, and |G| = pk+q(p−2) if r = 0. As q = (c− r)/(p− 1),
in both cases we obtain |G| ≤ pk+c(p−2)/(p−1). Therefore
pk ≤ fNil(p
k, c) ≤ pk+c(p−2)/(p−1) < pk+c.
3. Nilpotency class 2
Before moving to transitive p-groups of arbitrary nilpotency class c, we start a
detailed discussion of the transitive p-groups of nilpotency class 2. First, this has the
benefit of highlighting the type of improvements that are needed in Proposition 2.4
to obtain Theorem 1.5. Second, when c = 2, we give an explicit formula for
FNil(p
k, 2) and we describe the transitive p-groups G of nilpotency class 2 with
|G| = FNil(p
k, 2), which gives a complete understanding of the case c ≤ 2.
We start with an elementary example, which will hopefully help to follow the
more general construction in Example 3.2 and the proof of Theorem 1.3.
Example 3.1. Let p be a prime, let k be a positive integer and letm ∈ {⌊k/2⌋, ⌈k/2⌉}.
Let V = 〈e1, . . . , ek〉 be the k-dimensional vector space of row vectors over the field
Fp of size p, and let H be the group of (block) unitriangular matrices
H =
{(
Im 0
A Ik−m
)
| A is an (k −m)×m-matrix with coefficients in Fp
}
where, for a positive integer ℓ, Iℓ denotes the ℓ× ℓ-identity matrix with coefficients
in Fp. Let G be the affine group of linear transformations H⋉V . The group G acts
faithfully and transitively on the underlying set V , with V acting by translations
and with H acting by matrix multiplication, that is, v(h,w) := vh + w, for each
v ∈ V and (h,w) ∈ H ⋉ V .
A computation shows that, for k > 1, Z(G) = 〈e1, . . . , em〉 = γ2(G) and hence
G has nilpotency class 2. Clearly logp(|G|) = logp(|H ||V |) = k +m(k −m) =
k + ⌊k/2⌋⌈k/2⌉.
In the next example we generalise the construction in Example 3.1.
Example 3.2. Let p be a prime, let k be a positive integer, let m ∈ {⌊k/2⌋, ⌈k/2⌉},
let V be an abelian group of order pk and let Z be a subgroup of V . Suppose that
|Z| = pm and that both V/Z and Z are elementary abelian. Let v1, . . . , vk−m be
generators of V modulo Z, let W := 〈vp1 , . . . , v
p
k−m〉 and let Z
′ be a complement of
W in Z. Write pa := |W |, for some a ∈ {0, . . . ,m}. Let w1, . . . , wm−a be generators
of Z ′.
Since the Frattini subgroup of V is W , we see that V is generated by
S := {v1, . . . , vk−m, w1, . . . , wm−a}.
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For every z1, . . . , zk−m ∈ Z, let ϕz1,...,zk−m be the automorphism of V defined on
the generating set S by
v
ϕz1,...,zk−m
i := vizi, for every i ∈ {1, . . . , k −m},
w
ϕz1,...,zk−m
j := wj , for every j ∈ {1, . . . ,m− a},
and let H be the subgroup of Aut(V ) generated by all such functions. Clearly, H
is an elementary abelian p-group of order |Z|k−m = pm(k−m).
Let G be the semidirect product V ⋊ H . As in Example 3.1, the group G
acts faithfully and transitively on the underlying set V , with V acting by right
multiplications and with H acting by conjugation.
A computation shows that, for k > 1, Z(G) = Z = γ2(G) and hence G has
nilpotency class 2. Clearly logp(|G|) = k + ⌊k/2⌋⌈k/2⌉.
Remark 3.3. A tedious computation and the structure theorem of finite abelian
groups show that, for p odd, there are k+ 1 pair-wise permutation non-isomorphic
groups in Example 3.2 when k > 1 is odd, and k/2 + 1 when k is even.
The situation when p = 2 is remarkably different. Indeed, every group in Exam-
ple 3.2 is permutation isomorphic to one of the groups in Example 3.1.
Proof of Theorem 1.3. Let G be a nilpotent transitive group of degree pk and nilpo-
tency class at most 2. Write Z := Z(G) and let H be the stabiliser in G of a point.
As H is core-free in G, we get H∩Z = 1 and hence HZ/Z ∼= H . As G/Z is abelian,
we obtain that H is abelian and 〈H,Z〉 = HZ = H × Z. Since G has nilpotency
class at most 2, every subgroup of G containing Z is normal, and hence HZ ✂G.
Write pa := |Z|. Thus |G : HZ| = pk−a. Let b be the minimum positive
integer such that there exist g1, . . . , gb ∈ G with G = 〈g1, . . . , gb, HZ〉. Observe
that b ≤ k − a. We claim that
H ∩
b⋂
i=1
Hgi = 1.
Write Y := H ∩
⋂b
i=1H
gi and take y ∈ Y . For every i ∈ {1, . . . , b}, we have
y ∈ Hgi and hence y = hgii , for some hi ∈ H . Therefore y = h
g1
1 = · · · = h
gb
b .
Observe that hgii = hi[hi, gi] ∈ H × Z and, since y ∈ H , we get y = hi and
[hi, gi] = 1. In particular, y is centralised by g1, . . . , gb. As y ∈ H and H is abelian,
y is centralised by H and hence by 〈g1, . . . , gb, HZ〉 = G. Thus y ∈ Z(G) = Z and
hence y = 1.
As HZ ✂G, we see that H,Hg1 , . . . , Hgb are b+1 subgroups of HZ of index pa.
As H ∩ ∩bi=1H
gi = 1, we get |HZ| ≤ (pa)b+1 from Lemma 2.3. Thus
(5) |G| = |G : HZ||HZ| ≤ pk−a · pa(b+1) ≤ pk−a+a(k−a+1) = pk+a(k−a).
The maximum of the function a 7→ a(k − a) is attained at a ∈ {⌊k/2⌋, ⌈k/2⌉}.
Therefore |G| ≤ pk+⌊k/2⌋⌈k/2⌉ and hence FNil(p
k, 2) ≤ pk+⌊k/2⌋⌈k/2⌉ . The groups in
Example 3.1 have order pk+⌊k/2⌋⌈k/2⌉ , are transitive of degree pk and have nilpo-
tency class at most 2. Thus pk+⌊k/2⌋⌈k/2⌉ ≤ FNilp(p
k, 2). This concludes the proof
of the first assertion.
Let G be a transitive group of degree pk, of nilpotency class at most 2 and with
|G| = FNil(p
k, 2). From Eq. (5), we have a ∈ {⌊k/2⌋, ⌈k/2⌉} and b = k − a. Hence
the minimum number of generators of G/HZ is k−a and thus G/HZ is elementary
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abelian. Again from Eq. (5) we deduce |H | = pa(k−a). Since H ∩ ∩k−ai=1 H
gi = 1,
with an inductive argument we obtain
(6) |H : H ∩
⋂
i∈I
Hgi | = pa|I|,
for every subset I of {1, . . . , k − a}.
When k = 1, G is cyclic of order p and G is one of the groups in Example 3.2.
Therefore, for the rest of this proof we assume k > 1.
For each i ∈ {1, . . . , k − a}, define
(7) Ci := H ∩
k−a⋂
j=1
j 6=i
Hgj .
Since |H | = pa(k−a), from Eq. (6) we obtain |Ci| = p
a. Moreover, as |H : H∩Hgi | =
pa and Ci ∩H
gi = 1, we get
(8) H = Ci(H ∩H
gi).
Since |HZ : Hgi | = |H : H ∩ Hgi |, we deduce HZ = HHgi and, as HHgi =
H [H, gi], we get HZ = H [H, gi]. Now, [H, gi] ≤ Z and hence
Z = [H, gi].
It follows that the mapping [−, gi] : H → Z define by h 7→ [h, gi] is surjective. Thus
CH(gi) = ker([−, gi])✂H and |H : CH(gi)| = |Z| = p
a. Since CH(gi) ≤ H ∩H
gi ,
we obtain
(9) CH(gi) = H ∩H
gi
and ∩k−aj=1CH(gj) = 1. Thus H is a subdirect subgroup of the direct product of
k − a copies of Z. Since |H | = |Z|k−a, we get H ∼= Zk−a and H is abelian.
From Eqs. (7) and (9), we get Ci = ∩j 6=iCH(gj). From Eq. (8), it follows that
Z = [H, gi] = [Ci(H ∩H
gi), gi] = [CiCH(gi), gi] = [Ci, gi].
Since gi has order p modulo HZ and since G has nilpotency class at most 2,
we have 1 = [h, gpi ] = [h, gi]
p for every h ∈ H , which gives that [H, gi] = Z has
exponent p. As H ∼= Zk−a, H has also exponent p.
Next we show that there exist h1, . . . , hk−a ∈ H with 〈g1h1, . . . , gk−ahk−a〉
abelian. Let i be an element of {1, . . . , k−a}. For j ∈ {i+1, . . . , k−a}, let zj ∈ Cj
with [gi, gj ] = [zj , gj ]
−1 (observe that [gi, gj ] ∈ γ2(G) ≤ Z = [Cj , gj] and hence
there exists such an element zj). Define hi :=
∏k−a
j=i+1 zj. Observe that, for every
r ∈ {1, . . . , k−a}, the element gr commutes with C1, . . . , Cr−1, Cr+1, . . . , Ck−a and
hence gr commutes with zs, for every s ∈ {1, . . . , k − a} with r 6= s. Now, let
i, j ∈ {1, . . . , k − a} with i < j. Since G has nilpotency class at most 2 and H is
abelian, we have
[gihi, gjhj ] = [gi, gj][gi, hj][hi, gj ] = [zj , gj]
−1
k−a∏
ℓ=j+1
[gi, zℓ]
k−a∏
ℓ=i+1
[zℓ, gj]
= [zj, gj ]
−1[zj , gj] = 1.
Write V := 〈g1h1, . . . , gk−ahk−a, Z〉. Since Z ≤ V , we have V ✂ G. As
〈g1h1, . . . , gk−ahk−a〉 is abelian, so is V . By construction V is transitive and hence
V ∩ H = 1. This gives |V | = pk and G is isomorphic to the semidirect product
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V ⋊ H . As G/HZ is elementary abelian, so is V/Z. Thus V/Z and Z are both
elementary abelian. Finally, observe that H centralises every element of V/Z and
Z. In particular, G is permutation isomorphic to one of the groups in Example 3.2.

Remark 3.4. Let N denote the number (up to permutation isomorphism) of nilpo-
tent transitive groups of degree pk, nilpotency class 2 and order FNil(p
k, 2). Theo-
rem 1.3 and Remark 3.3 show that
N =


0 when k = 1,
1 when p = 2 and k is even,
2 when p = 2 and k > 1 is odd,
k/2 + 1 when p > 2 and k is even,
k + 1 when p > 2 and k > 1 is odd.
4. Proof of Theorem 1.5
Proof of Theorem 1.5. Let G be a nilpotent transitive permutation group of degree
pk and nilpotency class at most c, let Ω be the set acted upon by G, let ω ∈ Ω and
let H := Gω.
For i ∈ {1, . . . , c}, define ai := logp(|γi(G)H : γi+1(G)H |). Observe that
|γc(G)H : γc+1(G)H | = |γc(G)H : H | = |γc(G) : γc(G) ∩ H | = |γc(G)| by
Lemma 2.2, and hence ac = logp(|γc(G)|). Moreover, k = logp(|G : H |) =∑c
i=1 logp(|γi(G)H : γi+1(G)H |) =
∑c
i=1 ai.
We show, by induction on c, that
(10) logp(|G|) ≤
c∑
i=1
ai


(∑i−1
j=1 aj
)i
− 1(∑i−1
j=1 aj
)
− 1

 .
Denote by T (a1, . . . , ac) the right-hand side of Eq. (10). When c = 1, the group G
is abelian; thus a1 = k and logp(|G|) = k = T (a1).
Suppose that c > 1. Let U be the core of γc(G)H in G, that is,
U :=
⋂
g∈G
(γc(G)H)
g.
As γc(G) ≤ U , we have γc(G)H ≤ UH . Moreover, since U ≤ γc(G)H , we also have
UH ≤ γc(G)H . Thus UH = γc(G)H .
We write G¯ := G/U and we adopt the “bar”notation: for a subgroup X of G,
X¯ denotes XU/U .
Let B be the set of orbits of γc(G) on Ω. Observe that B is a G-set, that is, the
action of G on Ω induces an action of G on B by setting (δγc(G))g = (δg)γc(G), for
every δ ∈ Ω and g ∈ G.
For δ ∈ Ω, we have |δγc(G)| = |γc(G) : γc(G) ∩ Gδ| = |γc(G)| = p
ac and hence
|B| = |Ω|/pac = pk−ac . Moreover, the setwise stabiliser of ωγc(G) is γc(G)H and
hence the kernel of the action of G on B is U . Therefore G/U = G¯ is a transitive
permutation group of degree pk−ac on B and the stabiliser in G¯ of the point ωγc(G)
of B is γc(G)H/U = UH/U = H¯ .
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Since U fixes setwise every γc(G)-orbit, we have ω
U ⊆ ωγc(G). Moreover, as
γc(G) ≤ U , we get ω
U = ωγc(G). From the Frattini argument it follows that
U = γc(G)(U ∩Gω) = γc(G)(U ∩H).
As γc(G) ≤ U , we see that G/U = G¯ has nilpotency class at most c − 1. For
i ∈ {1, . . . , c− 1}, we have
γi(G¯)H¯ =
γi(G)U
U
UH
U
=
γi(G)γc(G)(U ∩H)H
U
=
γi(G)H
U
.
It follows that
logp(|γi(G¯)H¯ : γi+1(G¯)H¯ |) = logp(|γi(G)H : γi+1(G)H |) = ai.
In particular, applying our inductive hypothesis to the permutation group G¯ we
obtain
(11) logp(|G¯|) ≤ T (a1, . . . , ac−1).
Set g0 := 1 and K0 := 〈g0〉. For i > 0, we define recursively gi and Ki. If
Ki−1γc(G)H is a proper subset of G, then choose gi ∈ G \ Ki−1γc(G)H and set
Ki := 〈Ki−1, gi〉. If G = Ki−1γc(G)H , then choose gi := 1 and Ki := 〈Ki−1, gi〉 =
Ki−1. Let ℓ be the minimum positive integer with Kℓ = Kℓ+1. By construction,
G = Kℓγc(G)H and hence Kℓ is transitive on B. Moreover, since |G : γc(G)H | =
|B| = pk−ac and |Kiγc(G)H | < |Ki+1γc(G)H | for each i ∈ {0, . . . , ℓ − 1}, we have
ℓ ≤ k − ac.
For κ ∈ {1, . . . , c− 1}, define
Lκ :=
ℓ⋂
i1,...,ic−κ=0
(γκ(G) ∩H ∩ U)
gi1 ···gic−κ .
Following verbatim the proof of Proposition 2.4 and observing that γc(G) ≤ Z(G),
we get Lκ = 1. When κ = 1, we deduce that L1 = 1 is the intersection of
(ℓc − 1)/(ℓ − 1) subgroups of U having index pac . Therefore, as ℓ ≤ k − ac, by
Lemma 2.3 we get
(12) logp(|U |) ≤ ac
(k − ac)
c − 1
(k − ac)− 1
.
Now, observe that
T (a1, . . . , ac) = T (a1, . . . , ac−1) + ac


(∑c−1
j=1 aj
)c
− 1(∑c−1
j=1 aj
)
− 1

(13)
= T (a1, . . . , ac−1) + ac
(k − ac)
c − 1
(k − ac)− 1
.
From this, Eqs. (11) and (12) yield logp(|G|) = logp(|G¯|)+logp(|U |) ≤ T (a1, . . . , ac)
and Eq. (10) is proved. The definition of FNil(p
k, c) gives logp(FNil(p
k, c)) ≤
T (a1, . . . , ac) ≤ F (k, c). 
Proposition 4.1. Let p be a prime number and let c and k be positive integers.
Then, when c is fixed,
F (k, c) =
(c− 1)c−1kc
cc
+ o(kc−1).
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Proof. Let T (a1, . . . , ac) be
∑c
i=1 ai
(
(
∑i−1
j=1 aj)
i
−1
(
∑i−1
j=1 aj)−1
)
, as in the proof of Theorem 1.5.
Consider Ti(a1, . . . , ac) := ai
(
(
∑i−1
j=1 aj)
i
−1
(
∑i−1
j=1 aj)−1
)
, the i-th summand of T (a1, . . . , ac).
We now prove that,
max

Ti(a1, . . . , ac) | a1, . . . , ac ∈ N,
c∑
j=1
aj = k

 ≤
i∑
j=1
(j − 1)j−1kj
jj
.(14)
In fact, since
∑c
j=1 aj = k, we have that Ti(a1, . . . , ac) ≤ ai
(
(k−ai)
i−1
(k−ai)−1
)
with
0 ≤ ai ≤ k. Observing that, when 0 ≤ ai ≤ k, the maximum value of ai (k − ai)
j
is j
jkj+1
(j+1)j+1 (attained in ai =
k
j+1 ), we obtain that
(k−ai)
i−1
(k−ai)−1
=
∑i−1
j=0 ai (k − ai)
j
≤∑i
j=1
(j−1)j−1kj
jj , and Eq. (14) follows.
Now, Eq. (14) implies that
max

Ti(a1, . . . , ac) | a1, . . . , ac ∈ N,
c∑
j=1
aj = k

 ≤ (i− 1)i−1ki
ii
+ o(ki−1),
from which we conclude
F (k, c) ≤
(c− 1)c−1kc
cc
+ o(kc−1).
On the other hand, for every a1, . . . , ac ∈ N with
∑c
j=1 aj = k, we have
T (a1, . . . , ac) ≥ Tc(a1, . . . , ac). As Tc(a1, . . . , ac) = ac
(
(k−ac)
c−1
(k−ac)−1
)
, it follows that
F (k, c) ≥ max
(
ac
(
(k−ac)
c−1
(k−ac)−1
)
| ac ∈ N, 0 ≤ ac ≤ k
)
.
Now, for ac ∈ N and 0 ≤ ac ≤ k, the maximum of ac
(
(k−ac)
c−1
(k−ac)−1
)
is greater
than or equal to max
(
k
c
(
(k− kc )
c
−1
(k− kc )−1
)
,
(
k
c + 1
)( (k−( kc+1))c−1
(k−( kc+1))−1
))
. A computa-
tion shows that max
(
k
c
(
(k− kc )
c
−1
(k− kc )−1
)
,
(
k
c + 1
)( (k−( kc+1))c−1
(k−( kc+1))−1
))
≥ (c−1)
c−1kc
cc +
o(kc−1). In particular, we conclude that
F (k, c) ≥
(c− 1)c−1kc
cc
+ o(kc−1)
and the proposition follows.

Next we show that, for c small compared to k, the upper bound in Theorem 1.5
is closed to be optimal. The second author will always be in debt with Laci Kova´cs
for pointing out and discussing [5] in 2005: in fact, the results in [5] have already
played a role in the study of transitive p-groups, see for example [8, Section 3].
Proposition 4.2. Let p be a prime number and let c and k be positive integers
with c | k. Then,
logp(FNil(p
k, c)) ≥
k
c
(
k(c− 1)/c
c− 1
)
.
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In particular, if c = o(k), then
logp(FNil(p
k, c)) ≥
(c− 1)c−1
cc(c− 1)!
kc + o(kc−1).
Proof. Let u and v be positive integers. Let U be the Galois field Fpu of size p
u
and let V be an Fp-vector space of dimension v (over the field Fp of size p) with
basis e1, . . . , ev and dual basis e
∗
1, . . . , e
∗
v.
Let W := U wrV be the wreath product of U with V . Observe that by consid-
ering U and V as transitive regular permutation groups, W is transitive of degree
|U ||V | = pu+v in its natural imprimitive action. Let B := UV be the base group of
W , that is, B consists of all functions from V to U and W = B ⋊ V .
Let S be the symmetric U -algebra on e∗1, . . . , e
∗
v with natural grading
S =
⊕
m∈N
Sm,
where Sm is spanned over U by the monomials e
∗j1
i1
⊗ · · · ⊗ e∗jℓiℓ of degree m, that
is, j1+ · · ·+ jℓ = m. Let Mm be the U -subspace of Sm spanned by the monomials
e∗j1i1 ⊗ · · · ⊗ e
∗jℓ
iℓ
of degree m with jr ≤ p− 1, for every r ∈ {1, . . . , ℓ}.
Let π : S → B be the valuation map defined on the basis elements of S by
π(e∗j1i1 ⊗ · · · ⊗ e
∗jℓ
iℓ
)(x) := (e∗i1(x))
j1 · · · (e∗iℓ(x))
jℓ .
Set Zm := π(Mm).
From [5], we deduce that W has nilpotency class v(p − 1) + 1, Zm(W ) =
γv(p−1)+2−m(W ) and B ∩ Zm(W ) =
⊕
0≤i≤m−1 Zi. Moreover, π|Mm is injective
and hence |Zm| = |π(Mm)| = |Mm|.
Now set u = k/c and v = k(c − 1)/c and define G := V ⋉ Zc(W ). Clearly,
u+ v = k. As G ≤W , for c > 0, G is a nilpotent transitive group of degree pk and
nilpotency class at most c. Moreover,
|G| ≥ |Zc(W )| ≥ |Zc−1| = |Mc−1| ≥ p
u( vc−1) = p
k
c (
k(c−1)/c
c−1 )
and the first part of the proposition is proved.
Finally, for c = o(k), we have
k
c
(
k(c− 1)/c
c− 1
)
=
(c− 1)c−1
cc(c− 1)!
kc + o(kc−1)
and the second part is also proved. 
We conclude tabulating some values for log2(FNil(2
k, c)) which can be obtain
with the computer algebra system magma [2].
k\c 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 5 6 7 7 7 7 7 7 7 7 7 7 7 7 7
4 4 8 10 12 13 14 14 15 15 15 15 15 15 15 15 15
5 5 11 17 19 22 25 26 27 28 29 29 30 30 30 30 31
Table 2. Some values for log2(FNil(2
k, c))
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